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Abstract
The standard cosmological model supposes that the dominant matter com-
ponent changes in the course of the evolution of the universe. We study the
homogeneous and isotropic universe with non-zero cosmological constant in the
epoch when the dominant matter component has a form of a gas of low-velocity
cosmic strings. It is shown that after the scale transformation of the time vari-
able such a model and the standard model of a spatially flat universe filled with
pressure-free matter provide the equivalent descriptions of cosmological param-
eters as functions of time at equal values of the cosmological constant. The
exception is the behavior of the deceleration parameter in the early universe.
Pressure-free matter can obtain the properties of a gas of low-velocity cosmic
strings in the epoch when the global geometry and total amount of matter in the
universe as a whole obey an additional constraint. This constraint follows from
the quantum geometrodynamical approach in the semiclassical approximation.
In terms of general relativity, its effective contribution to the field equations
can be linked to the evolution in time of the equation of state of matter caused
by the processes of redistribution of energy between matter components.
PACS numbers: 98.80.Qc, 98.80.Cq, 95.35.+d, 95.36.+x
1 Introduction
The standard ΛCDM model (see, e.g., the reviews [1, 2]) gives the satisfactory
description of the most of the present cosmological data under the assumption of the
existence of an antigravitating medium named dark energy as the largest constituent
of mass-energy in the universe. At the same time, it is believed that a high level of
fine-tuning is required in this model. Even if the smallness of cosmological constant
and “coincidence problem” (an almost equal contribution of matter and dark energy
to the total energy budget of the universe at the present era) are not problems in
themselves [3], nevertheless it should not be ignored that there were some indications
that specific cosmological observations differed from the predictions of the ΛCDM
model at statistically significant level [4].
The ΛCDM model based on general relativity allows extensions by incorporating
new elements in its scheme. For example, one of such possibilities is the introduction
of the quintessence field, which changes over time and is described by some dynamic
1
equation, instead of the cosmological constant. Another opportunity may be the
model in which, alternatively, the gravitating matter component undergoes modi-
fication, regardless of the vacuum component of the energy density being constant
or varying with time. Such a modification may be made relying on fundamental
physical laws which concern the properties of matter.
In FRW cosmology, the time evolution of the energy density ρ(t) is determined
by the equation
ρ˙+ 3
R˙
R
(ρ+ p) = 0, (1)
where R(t) is the cosmological scale factor, p is the isotropic pressure, and the
dot designates the derivative with respect to the proper time t. For the equation
of state in the form p = wρ, the solution of this equation vanishing at infinity
can be written as ρ = µR−3(1+w), where w and µ are constants. Introducing the
effective mass Meff contained in the volume ∼ R3 by the relation Meff ∼ ρR3,
we have Meff ∼ µR−3w. For the special case w = 0, it gives Meff ∼ µ = const
which corresponds to pressure-free matter (dust). For w = −13 , the effective mass is
proportional to the scale factor,Meff ∼ µR. In this case the energy density ρ ∼ R−2
and it describes so-called K-matter [5]. The matter with such energy density and
equation of state can be interpreted as a perfect gas of low-velocity cosmic strings
[6].
In this paper we study the model of the homogeneous and isotropic universe
with non-zero cosmological constant filled with a perfect gas of low-velocity cosmic
strings. Throughout the paper, we will refer to this model as the ΛCS model. It is
shown that pressure-free matter can obtain the properties of a gas of low-velocity
cosmic strings, if, in addition to the field equations, there exists a complementary
constraint between the global geometry and total amount of matter in the universe as
a whole. We show that this constraint between the cosmological parameters, which
takes the form of the geometry-mass relation, can be obtained in the quantum ge-
ometrodynamical approach. In terms of general relativity, its effective contribution
to the field equations can be linked to the evolution in time of the equation of state
of matter caused by the processes of redistribution of energy between matter com-
ponents. This is demonstrated in the model in which two-component perfect fluid
serves as a surrogate for matter in the universe.
We found the exact solutions of the Einstein equations for the ΛCS model. It
is demonstrated that this model is equivalent to the open de Sitter model. In the
limit of zero cosmological constant, the corresponding universe evolves as a Milne
universe characterized by the linear dependence of the scale factor on time, but in
contrast to it, such a universe contains matter with nonzero energy density in the
form of a perfect gas of low-velocity cosmic strings. The Whitrow-Randall equation
[7] which establishes the invariance of the dimensionless product Gρt2 is re-derived.
We make a comparison of the standard ΛCDM and ΛCS models. It turns out that
after the scale transformation t → 32t of the time variable of the ΛCS model, these
models provide the equivalent descriptions of cosmological parameters as functions
of time at equal values of the cosmological constant. The exception is the behavior
of the deceleration parameter in the early universe. But for the present day and in
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the future it would be more difficult to recognize whether one is dealing with the
ΛCDM or ΛCS universe.
2 Quantum roots of the geometry-mass relation
It is well known that quantum theory adequately describes properties of various
physical systems. Its universal validity demands that the universe as a whole must
obey quantum laws as well, so that quantum effects are important at least in the
early era. Since quantum effects are not a priori restricted to certain scales, then
one should not conclude in advance that they cannot have any impact on processes
at scales larger than Planckian (more detailed arguments can be found, e.g., in Refs.
[8]).
Quantum theory for a homogeneous and isotropic universe can be constructed
on the basis of a Hamiltonian formalism with the use of material reference system
as a dynamical system [9, 10]. Defining the time parameter or the “clock” variable,
it is possible to pass from the Wheeler–DeWitt equation to the Schro¨dinger-type
equation. The similar equations containing a time variable defined by means of
coordinate condition were considered by a number of authors under the quantization
of the FRW universe (see, e.g., Refs. [11]). Using the Schro¨dinger-type equation one
can obtain equations of motion for the expectation values of a scale factor and its
conjugate momenta. These equations pass into the equations of general relativity
when the dispersion around the expectation values for a scale factor, matter fields
and their conjugate momenta can be neglected.
Such a quantum theory predicts that the following relation must hold for the
expectation value of the scale factor R in the state |M〉 which describes the universe
with the definite total amount of massM much larger than Planck mass,M ≫MP ,
〈M |R|M〉
〈M |M〉 = GM (2)
(in units c = 1; for details, see Refs. [10]), where G is the Newtonian gravitational
constant.
The equation (2) determines the mass M through the expectation value of the
scale factor R at every instant of time. The state vector of isotropic universe is a
superposition of all possible |M〉 - states which are not orthogonal between them-
selves, so that the inner product 〈M1|M2〉 6= 0, and the universe can transit spon-
taneously from the state with the mass M1 and radius R1 = 〈M1|R|M1〉/〈M1|M1〉
to the state with the mass M2 6= M1 and radius R2 = 〈M2|R|M2〉/〈M2|M2〉 with
nonzero probability P (1 → 2) = |〈M1|M2〉|2. For example, the probability of tran-
sition of the universe from the ground state (with respect to gravitational field) to
any other state obeys the Poisson distribution with the mean number of occurrences
n = 12(M2−M1)2 (for more details, see Refs. [10]). Thus R1 → R2, whenM1 →M2.
In classical limit, it appears to be possible to pass from the expectation value of
R to the classical value of the scale factor R(t) which evolves in time in accordance
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with the Einstein equations for the FRW universe
R˙2 =
8piG
3
ρR2 +
Λ
3
R2 − k,
R¨ = −4piG
3
(ρ+ 3p)R+
Λ
3
R, (3)
where
ρ =
M
(4pi/3)R3
(4)
is the energy density of matter with the total mass M in the equivalent flat-space
volume (4pi/3)R3 which includes both the mass of substance and mass equivalent of
radiation energy, Λ is the cosmological constant,
p = −ρ− R
3
dρ
dR
(5)
is the isotropic pressure, and k = +1, 0,−1 for spatially closed, flat or open models.
In semi-classical limit, the relation (2) takes the form
R = GM. (6)
It gives an additional constraint between the global geometry and total amount of
matter in the universe as a whole. The geometry-mass relation (6) connects the
values of M and R taken at the same instant of time. It is valid for the present-
day universe. Really, the radius of its observed part is estimated as R0 ∼ 1028
cm, the mass-energy is M0 ∼ 1056 g, and the mean energy density equals to ρ0 ∼
10−29g cm−3. It means that nowadays ρ0 ∼ 3(4piGR20)−1. Then from the definition
of energy density ρ0 = 3M0(4piR
3
0)
−1, it follows that the relation R0 ∼ GM0 must
hold. It is notable that for the values R = LP , M = MP , where LP is the Planck
length, the equation (6) reduces to identity.
The physical meaning of the relation (6) will be discussed in Sect. 5. Here we
remark only that since it is valid at least at late times t ∼ t0, where t0 is the age of
the universe, then the theory which includes the geometry-mass relation (6) may be
used for the description of the evolution of the universe on the interval t = t0 ∓∆t,
∆t/t0 ≪ 1.
3 ΛCS model
If one supposes that the values R and M in Eq. (6) are constant, then the FRW
universe described by the equations (3) transforms into the static Einstein universe
[12]. Let us consider the more general case assuming that the relation (6) is valid for
some time interval and can be regarded as a constraint added to the classical field
equations (3). Then the energy density of matter (4) takes the form of energy density
of a gas of low-velocity cosmic strings or K-matter [5, 6] with the corresponding
equation of state,
ρ =
3
G
1
4piR2
, p = −1
3
ρ. (7)
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However, in this approach it does not mean that the universe is string-dominated in
the usual sense. The energy density and pressure in the form (7) arise as an effect
of an additional constraint between the global geometry and the total amount of
matter in the universe as a whole.
Let us consider the model of the universe with cosmological constant Λs and the
matter density and pressure as in Eq. (7). The field equations are reduced to the
form
R˙2 =
Λs
3
R2 + (2− k), R¨ = Λs
3
R. (8)
Their solution is
Rs(t) =
√
6
Λs
(
1− 1
2
k
)
sinh
(√
Λs
3
t
)
, Rs(0) = 0. (9)
Here and below the subscript s refers to the ΛCS model. Expansion of this solution
for small |Λs3 t2| yields
Rs(t) =
√
2− kt
[
1 +
1
6
(
Λs
3
t
)2
+ . . .
]
. (10)
The Hubble expansion rate does not depend on the type of spatial curvature (the
value of k) and it is described by the expression
Hs(t) =
R˙s
Rs
=
√
Λs
3
coth
(√
Λs
3
t
)
. (11)
The expansion of Hs(t) in the same limit as above has a form
Hst = 1 +
1
3
(
Λs
3
)
t2 − 1
45
(
Λs
3
)2
t4 + . . . (12)
In general case, the Hubble expansion rate H is the function of time and the
corresponding critical energy density is ρcr(t) =
3H2(t)
8piG . Then the variation in time
of the vacuum energy density parameter ΩΛ(t) ≡ ρΛρcr(t) , where ρΛ = Λ8piG , for the
ΛCS model is given by
ΩΛs(t) = tanh
2
(√
Λs
3
t
)
. (13)
The matter energy density parameter ΩM(t) =
ρ
ρcr(t)
for a spatially flat universe
filled with a gas of low-velocity cosmic strings is equal to
ΩMs(t) = cosh
−2
(√
Λs
3
t
)
. (14)
Setting Λs = 3ΩΛ1H
2
s (t1), where t1 is some fixed instant of time, ΩΛ1 is the
vacuum energy density parameter ΩΛs at t = t1, we find
Hs(t1) t1 =
1√
ΩΛ1
arctanh
√
ΩΛ1. (15)
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The deceleration parameter q(t) = − R¨
RH2(t)
is equal to
qs(t) = −ΩΛs(t). (16)
At an instant of time t = t1 we obtain qs(t1) = −ΩΛ1.
If Λs 6= 0, the expressions for the scale factor (9) and the Hubble expansion
rate (11) are equivalent to the respective expressions for the de Sitter model of the
universe with k = −1.
In the limiting case Λs = 0 it appears that
Rs(t) =
√
2− kt, Hst = 1. (17)
In the model, where the scale factor depends on time linearly, the age of the universe
and the Hubble expansion rate depend on the redshift z according to the simple laws
t(z) =
1
(1 + z)Hs(0)
, Hs(z) = Hs(0)(1 + z). (18)
Taking the present expansion rate measured by Hubble Space Telescope observa-
tions, H(0) = 73.8 ± 2.4 km s−1 Mpc−1 [13], as Hs(0), we find that the age of the
universe appears to be equal t(0) = 13.26 ± 0.43 Gyr. This value does not differ
drastically from the value predicted by the WMAP 7-year data [14] for the ΛCDM
model, and it lies within the expected limit of 12 to 14 Gyr.
The solution (17) formally coincides with the solution of Milne model of open
universe (k = −1), R(t) ∼ t. But in contrast to the Milne model, where the energy
density of matter vanishes, ρ = 0, in the case under consideration the energy density
of matter is nonzero,
ρ =
3H2
4piG(2 − k) . (19)
For a spatially flat universe with zero cosmological constant this density equals to
the critical density, ρ = ρcr, whereas for a spatially closed universe filled with a
gas of low-velocity cosmic strings the density is ρ = 2ρcr, and for a spatially open
universe we have ρ = 23ρcr.
It should be noted that the Milne model cannot be correct near the point of
initial cosmological singularity, t = 0, since in this limit the energy density of matter
tends to infinity and gravity cannot be neglected. There was an attempt to preserve
the linear dependence of a scale factor on time and get rid of this shortcoming of
the Milne model by consideration of the model (called “Dirac - Milne” universe
by analogy of sea of positive and negative energy states proposed by Dirac), in
which the universe contains equal quantities of matter with positive and negative
gravitational masses [15].
The equation (19) can be rewritten in the Whitrow-Randall form [7],
Gρt2 =
3
4pi
1
n
, (20)
which shows that Gρt2 is an invariant determined by the parameter n = 2 − k
characterizing the geometry of the universe.
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Introducing a dimensionless parameter K as in the model of K-matter,
K ≡ 8piG
3
ρR2, (21)
and using (7), one finds that K = 2. This value agrees with the observational
constraints on the parameter K obtained by Kolb [5] and Gott and Rees [16].
4 Comparison with the standard cosmological model
The relations obtained in Sect. 3 for the cosmological parameters of the ΛCS model
of the universe can be compared with the corresponding expressions for the standard
cosmological model. First of all, it is helpful to rewrite the equation for R˙ from Eq.
(3) in the form
R˙2 =
Λ
3
R2 + (2− k) + ζ(R), (22)
where the function ζ(R) is defined as
ζ(R) =
2
R
(GM −R). (23)
Comparing Eqs. (8) and (22) we find that the function ζ(R) describes the difference
between the model which takes into account the geometry-mass relation (6) and the
model without regard for it.
For a spatially flat universe (k = 0) filled with pressure-free matter (p = 0,
M = const) the solution of Eq. (22) has a form (cf. Ref. [17])
R(t) =
(
6
Λ
GM
)1/3
sinh2/3
(
3
2
√
Λ
3
t
)
, R(0) = 0. (24)
From Eqs. (9) and (24) it follows that the scale factors of both models can be
connected by the relation
R(t) =
(
GM
1− 12k
)1/3
R2/3s
(
3
2
t
)
at Λ = Λs. (25)
This expression establishes the rule of recalculation of the scale factor from the ΛCS
model with arbitrary spatial curvature to the spatially flat standard model. This
connection between two models becomes more clear if one takes into account in the
solution (24) the relation (6) in its weaker form, namely, assuming that it is valid
at some fixed instant of time t0 only. As we have already mentioned above, this
relation is realized in the present-day universe. Setting R(t0) = GM(t0), where
M(t0) is the mass of matter in the universe with the “radius” R(t0), we have
R(t0) =
√
6
Λ
sinh
(
3
2
√
Λ
3
t0
)
. (26)
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Figure 1: The Hubble expansion rates (11) and (28) as functions of time. The value
of the parameter
√
Λ
3 t0 = 0.855 following from the WMAP 7-year data [14] is used.
It is assumed that Λ = Λs.
Then the relation (25) at fixed instant of time takes the form
R(t0) =
(
1− 1
2
k
)−1/2
Rs
(
3
2
t0
)
at Λ = Λs. (27)
The Hubble expansion rate in the standard model is
H(t) =
R˙
R
=
√
Λ
3
coth
(
3
2
√
Λ
3
t
)
. (28)
Comparing Eq. (28) with Eq. (11), we find that the Hubble expansion rates calcu-
lated for both models are related between themselves by the simple relation
H(t) = Hs
(
3
2
t
)
at Λ = Λs. (29)
The expansion of H(t) for small |Λ3 t2| can be obtained from Eq. (12) by the sub-
stitution of 32t for t and Λ for Λs. That expansion of H(t) reproduces the familiar
expression H = 23t for Λ = 0 in contrast to Hs =
1
t for the ΛCS model with Λs = 0.
The Hubble expansion rates as the functions of dimensionless time parameter
t/t0, where t0 is the age of the universe in the ΛCDM model, are plotted in Fig. 1. It
is supposed that the cosmological constant in both models is the same. The WMAP
7-year data [14] for the present-day cosmological parameters are used. As we can
see, the value of H(t) at t = t0 coincides with the value of Hs(t) at t =
3
2 t0.
8
0 0.5 1 1.5 2 2.5 3
0
0.2
0.4
0.6
0.8
1
Ω
Λs(t)
t / t0
e
n
e
rg
y
 d
e
n
s
it
y
 p
a
ra
m
e
te
rs
Ω
Λ
(t) = Ω
Λs(3/2 t)
Ω
Ms(t)
Ω
M
(t) = Ω
Ms(3/2 t)
Figure 2: The energy density parameters of the vacuum and matter (13), (14), and
(30) as functions of time in units of t0. The WMAP 7-year data are used (see the
caption of the Fig. 1).
Taking into account Eqs. (29), (13) and (14), we find the relations
ΩΛ(t) = ΩΛs
(
3
2
t
)
,
ΩM(t) = ΩMs
(
3
2
t
)
at Λ = Λs, (30)
where ΩΛ(t) and ΩM(t) are the vacuum and matter energy density parameters of
the standard model.
The energy density parameters of the vacuum and matter as functions of time
are depicted in Fig. 2. It is assumed that the universe is spatially flat. As for the
Hubble parameter, the ΛCS model reproduces the results of the standard model
after the time transformation t→ 32 t.
Introducing the vacuum energy density parameter ΩΛ0 at a fixed instant of time
t = t0 by the relation Λ = 3ΩΛ0H
2(t0), we get
H(t0) t0 =
2
3
1√
ΩΛ0
arctanh
√
ΩΛ0. (31)
From the comparison of Eq. (31) with Eq. (15) it follows that at equal Hubble
expansion rates according to Eq. (29) and equal contributions of the vacuum energy
densities into the matter-energy budget of the universe, ΩΛ0 = ΩΛ1, the parameter
t1 =
3
2t0. It means that if one defines t0 and t1 as the ages of the universe in both
models under consideration, then the age t1 for the ΛCS model will be 1.5 times
greater than that for the standard model.
The last equation establishes the correspondence between the parameters H(t0),
t0, and ΩΛ0. Substituting the WMAP 7-year data [14] for the age of the universe
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t0 = 13.75±0.13 Gyr, the Hubble parameter H(t0) = 71.0±2.5 km s−1 Mpc−1, and
the dark energy density parameter ΩΛ0 = 0.734 ± 0.029, which corresponds to the
cosmological constant Λ = (1.302 ± 0.143) × 10−56 cm−2, into Eq. (31) one finds a
consistent result for our universe: H(t0)t0 = 0.998 ± 0.045.
The deceleration parameter q is equal to
q(t) =
1
2
[
1− 3 tanh2
(
3
2
√
Λ
3
t
)]
. (32)
At an instant of time t = t0 it gives
q(t0) =
1
2
[1− 3ΩΛ0] . (33)
Comparing Eqs. (16) and (32), we find that both expressions for the deceleration
parameter have the same limit at t→∞, q(t)→ −1 and qs(t)→ −1, but they have
different values at t = 0, q(0) = 12 and qs(0) = 0. From the condition (29) valid at
Λ = Λs, we have ΩΛ0 = ΩΛ1, and the expression (33) can be rewritten as
q(t0) =
1
2
[
1 + 3qs
(
3
2
t0
)]
. (34)
In Fig. 3 it is shown the time dependence of the deceleration parameters q(t)
and qs(t) for the standard and ΛCS models. The function qs
(
3
2 t
)
with the argument
multiplied by 32 is plotted for comparison. For
t
t0
& 2.5 the curves q(t) and qs
(
3
2 t
)
practically coincide. The both models predict the accelerating expansion of the
universe at t = t0 and give the close values of the deceleration parameter, q(t0) =
−0.601 and qs
(
3
2t0
)
= −0.734. They lead to the same limit at t→∞, q(t)→ −1 and
qs(t)→ −1. But in the region tt0 < 1 the behaviors of the functions differ drastically.
The standard model predicts that at tt0 < 0.5 the universe was decelerating. On
the contrary, the ΛCS model describes the always accelerating universe with non-
zero cosmological constant and containing matter in the form of a perfect gas of
low-velocity cosmic strings.
The fact that predictions concerning the deceleration parameter of both models
differ for the time interval 0 < t < 12t0 is not surprising. The ΛCS model in the
form under consideration does not claim to provide a satisfactory description of
the universe at all times. This model is inapplicable to describe the expansion of
the universe at times when the geometry-mass relation (6) has no impact on the
properties of matter.
At the same time, we can conclude that for the present-day and future universe it
would be more difficult to distinguish between the ΛCDM and ΛCS models. It looks
like the universe at some instant of time becomes dominated by matter in the form of
a perfect gas of low-velocity cosmic strings. The reason of such a transformation of
matter is different from that which leads to the formation of macroscopic topological
defects in the form of strings in the early universe where they are caused by phase
transitions (see Ref. [18] and references therein). In the later universe the energy
density and pressure in the form as for a perfect gas of low-velocity cosmic strings
10
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Figure 3: The deceleration parameters (16) and (32) as functions of time in units
of t0. The WMAP 7-year data are used (see the caption of the Fig. 1)
may arise as an effect of an additional constraint between the global geometry and
the total amount of matter in the universe as a whole.
Thus, the ΛCDM and ΛCS models lead to similar predictions on cosmological
parameters, if the time variable of the ΛCS model is subject to scale transformation
t→ 32t. After this transformation, the Hubble expansion rate and the energy density
parameters of matter and vacuum components of the universe, calculated for all
instants of time, take equal values in both models.
5 Discussion
Let us consider the possible physical interpretation of the geometry-mass relation
(6). First of all, we point out that the similar equality between the mass and “radius”
of the universe was obtained by Whitrow and Randall [7] (see Eq. (20) for k = 0).
Such a relation is also valid for the Einstein universe filled with the pressure-free
matter (see, e.g., Ref. [12]) and for the steady-state cosmology [19].
Further on, it should be noted that the relation (6) has a form of Sciama’s
inertial force law M ∼ G−1R, where M and R are appropriate measures of mass
and radius of the observed part of the universe [20, 21]. Despite its simplified
character, Sciama’s linearized theory gives a specific mathematical relation between
the parameters which characterize the energy density and geometry of the universe
and corresponds to one of the realizations of Mach’s principle [22, 23, 24].
If one assumes that Mach’s principle is a fundamental law of nature, it must be
implemented into the classical field equations. One point of view is that Einstein’s
field equations need not to be modified, while Mach’s principle should be considered
as an additional condition. Such an approach was chosen by Wheeler who proposed
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to understand Mach’s principle as a selection rule (boundary condition) of the solu-
tions of the field equations [25]. The Brans-Dicke theory uses another way in which
the field equations are generalized to become Machian [26, 27].
Since the scale factor R obeys the equations (3), then the mass M , generally
speaking, must evolve in time. It means that if the gravitational constant G and
velocity of light c are both constant, the mass of matter in the universe must change
proportionally to the scale factor, M ∼ R(t), at the time interval, where the relation
(6) holds.
In some cosmological models the natural constants G or c are suppose to change
with time. For example, according to Dirac’s large number hypothesis, the Newto-
nian constant G must depend on time as G ∼ t−1 and R ∼ t1/3 [28] or G ∼ t−1 and
R ∼ t [29]. Another example with varying G is the Brans-Dicke theory where this
quantity is related to the average value of some dynamical scalar field φ coupled to
the mass density ρ of the universe, 〈φ〉 ≈ G−1, where 〈φ〉 ∼ ρR2 [26, 30]. Also the
models with varying speed of light were considered and applied to solve the horizon,
flatness, cosmological constant, and other cosmological problems (see, e.g., Refs.
[31]). On the other hand, there exist the observational and experimental bounds on
the time variation of the fundamental constants (e.g., Ref. [32]).
The possible dependence of mass M on time can be considered in terms of the
fundamentally different approach which deals with the matter creation processes
in the context of the cosmological models [33]. But currently the models with the
irreversible creation of matter do not rely on sufficient observational evidence.
We shall use another approach which does not take into account the theoret-
ical schemes mentioned above in this Section. The relation (6) follows from the
quantum theory in semiclassical approximation. In terms of general relativity its
effective contribution into the field equations can be linked to the evolution in time
of the equation of state of matter caused by the processes of redistribution of energy
between its components.
Let us consider the model in which the equation of state parameter for matter,
w(t) =
p(t)
ρ(t)
, (35)
depends on time1.
In the context of hot big bang cosmology, the radiation-dominated universe with
the energy density ρ ∼ R−4 in the course of the expansion transforms into the non-
relativistic matter-dominated universe with the energy density ρ ∼ R−3, and the
latter transits to a universe which looks like dominated by a perfect gas of low-
velocity cosmic strings with ρ ∼ R−2 at later time. In the radiation-dominated
universe the number density of photons is nγ ∼ R−3, and the energy of every
photon decreases, during the expansion of the universe, as mγ ∼ R−1 due to the
cosmological redshift. As a result, the effective mass of the universe attributed
to relativistic matter reduces as well, Meff ∼ mγnγR3 ∼ R−1. Arguing in the
same way, one finds that in the matter-dominated universe the effective mass is
1Throughout this Section we shall assume that Λ = 0 for simplicity.
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constant, Meff = const, expressing the constancy of the sum of the masses of the
bodies in the volume ∼ R3. In the universe which looks like dominated by a perfect
gas of low-velocity cosmic strings, the effective mass of matter increases with the
expansion of the universe,Meff ∼ R, due to the redistribution of energy between the
matter components. Thus, we have the following picture of changes of dominating
matter content of the universe during its evolution in time: the mass of dominating
matter component in the expanding universe decreases inversely proportional to the
“radius” R of the universe in the radiation-dominated era, then the mass remains
constant in the matter-dominated era, and finally it increases linearly with R when
a gas of point particles (dust) transforms effectively into a perfect gas of low-velocity
cosmic strings. At the same time, the equation of state of dominating matter changes
from the equation p = 13ρ to p = −13ρ passing through the state p = 0.
According to the scenario being described here, we shall specify the parameter
w(t) in the form of antikink,
w(t) = −1
3
tanh[λ(t− t0)], (36)
where t0 is the instant of time in the neighborhood of which matter behaves as
pressure-free dust (t0 may be taken close to the age of the universe), λ is some
parameter averaged in time which determines the rate of change of the equation of
state.
The parameter (36) can be justified in the model in which matter in the universe
is described as a two-component perfect fluid with the energy density ρ = ρ1 + ρ2
and pressure p = p1 + p2. We shall represent the energy conservation equation (1)
for every component in the form
ρ˙1 + 3H(ρ1 + p1) = Q, ρ˙2 + 3H(ρ2 + p2) = −Q, (37)
where Q describes the interaction between the components.
We shall assume that the equation of state for the component with the density
ρ1 changes in time from the stiff Zel’dovich type equation p1 = ρ1 to the vacuum
type one p1 = −ρ1. The second component is a pressure-free matter which has the
density ρ2 = 2ρ1. Then Q = 2Hp1 and w = p1/(3ρ1), while the set of equations
(37) reduces to one equation
ρ˙1 + 3H
(
ρ1 +
1
3
p1
)
= 0. (38)
We look for the energy density ρ1 in the form
ρ1 =
α(t)
t2
, (39)
where α(t) is a slowly varying function on the interval 0 < t < ∞. Then from the
Einstein equation for R˙ and Eq. (38), in the approximation α˙ ≪ λα, we find the
dependence of the total energy density ρ and pressure p on time,
ρ(t) =
3
2piGt2
1
[3− tanh(λ(t− t0))]2 ,
p(t) = − 1
2piGt2
tanh(λ(t− t0))
[3− tanh(λ(t− t0))]2 . (40)
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The Hubble expansion rate is described by the expression
H(t) =
2
t
1
3− tanh(λ(t− t0)) . (41)
The equations (40) - (41) reproduce the known expressions for the corresponding
quantities in limiting cases. For t→ 0 and λt0 > 2, we have
ρ =
3
32piGt2
, w =
1
3
, p =
1
3
ρ, H =
1
2t
, R ∼ t1/2. (42)
For t ≈ t0, the expressions are the following
ρ =
1
6piGt2
, w = 0, p = 0, H =
2
3t
, R ∼ t2/3, (43)
while in the region t≫ t0,
ρ =
3
8piGt2
, w = −1
3
, p = −1
3
ρ, H =
1
t
, R ∼ t (44)
(cf. Ref. [34]) and Eq. (20)).
Thus, we have a continuous transition from the era when radiation dominates
over matter, through the era of dust domination, to the epoch when matter in the
form of low-velocity cosmic strings dominates.
The transition from the radiation-dominated universe to the universe dominated
by a perfect gas of low-velocity cosmic strings can be described in terms of simple
string-gas model with the equation of state ps = wρs, where w =
2
3v
2
s − 13 , and vs
is the average velocity of cosmic strings [6]. At vs = 1 the string gas behaves as
relativistic matter, at vs =
1√
2
it acts as pressure-free matter, and at vs = 0 one has
a perfect gas of low-velocity cosmic strings. In such a description, if a gas of low-
velocity cosmic strings quickly comes to dominate over relativistic and pressure-free
matter, it would drastically alter the cosmological evolution of the universe. In the
model of two-component perfect fluid, this problem is removed, since the era with
ρ ∼ R−2 does not start until the values of the radius and mass of the observed part
of the universe will become large enough (at least as in the present-day universe).
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